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The Variational Energy Formulation
for the Integrated Force Method

S. N. Patnaik*
Vikram Sarabhai Space Center, Trivandrum, India

The integrated force method (IFM) is one of the five formulations of mechanics, the others being the flexibil-
ity, stiffness, mixed, and total methods. To date, all but the IFM have been associated with variational func-
tionals. A variational functional (VF) has been developed for the IFM. The stationary condition of the VF for
the IFM yields the equilibrium and compatibility equations as well as the force and displacement boundary con-
ditions. The stationary cbndition also yields a new set of boundary equations identified as the boundary com-
patibility conditions. This paper presents the theory of the variational functional for the IFM. It is illustrated by
examples from discrete structures, the plane stress problem of elasticity, and Kirchhoff’s plate bending problem.
The properties of the VF and its relationship to the potential and complementary energy functionals are shown

for discrete analysis.

Nomenclature
A =variational functional, equilibrium related
a,b = spans of plate

=variational functional, compatibility related
[B] = equilibrium matrix (/m X n)
[B;] = self stress matrix (nxr)
B,.B, = body force components
[C] = compatibility matrix (r x n)
D, E = plate rigidity and Young’s modulus,
respectively

DDR =deformation displacement relationship
dof =displacement degrees of freedom
E, = strain energy
E, = complementary strain energy
{F} = force vector (n)
fof = force degrees of freedom
[G] = flexibility matrix (n x n)
h = plate thickness
I =moment of inertia
IFM =integrated force method
[J] = displacement coefficient matrix (m X n)
[K] =stiffness matrix (m X m)
£,,£, =boundary segments

=gspan of beam
M., M, M, =plate bending moments

M =redundant moment

m =displacement degrees of freedom
n = force degrees of freedom
n,n, =direction cosines

{P} =load vector (m)

P.P,.q =external loads

{R} =redundant vector (r)

r =number of redundants

[S] =IFM matrix (n X n)

SFM =standard force method

uv = potential function for forces
u, v, w = displacement components
u,v = prescribed displacements

VF =variational functional

(X} = displacement vector (m)

{3} =deformation vector (n)
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{8} = ¢lastic deformation vector (n)
{Bo} =initial deformation vector (n)
{6R} = effective initial deformations (r)
ow =virtual w displacement

KKy Koy =plate curvatures

v = Poisson’s ratio

T, =potential energy functional

T, =complementary energy functional
s =variational functional of IFM

Oy 0ys Ty = plane stress components

o° =redundant stresses

P = Airy’s stress function

¥,V =moment functions

Introduction

HE demise of a once popular force method! in the

mid-1960s was not due to generic limitations, but
because of the improper formulation of the method. A novel
force formulation termed the integrated force method (IFM)
has since been developed.®® The IFM bypasses the limita-
tions of the classical force method, henceforth referred to as
the standard force method (SFM). The IFM can be identified
as one of the five formulations of mechanics, the other four
being the SFM, the displacement method (DM), the mixed
method (MM),!° and the total formulation (TF)."' In the
IFM, the equilibrium equations (EE) and the compatibility
conditions (CC) are satisfied simultaneously in the force
variables. The equations of the IFM can be obtained directly
by establishing the EE and CC or generated by following a
variational approach. Variational functionals (VF) exist for
four of the analysis methods (SFM, DM, MM, and TF).
However, until now no VF has been developed for the IFM;
this paper presents such a development. The stationary con-
dition of the VF yields the equilibrium equations, the com-
patibility conditions, and the appropriate boundary condi-
tions of IFM. The VF of the IFM is illustrated by taking ex-
amples from discrete structures, plane stress problem of
elasticity, and Kirchhoff’s plate bending problem.

Basic Theory of the I[FM

A structure for the purpose of analysis can be designated
as structure (n,m), where n and m are the force and displace-
ment degrees of freedom, respectively. The » component
force vector {F} must satisfy the m EE along with the
r=(n—m) CC. If n=m, the structure is determinate and its
analysis is trivial. The emphasis here is on the analysis of in-
determinate structure for which n>m.
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The Equilibrinm Equations
The EE for discrete analysis can be symbolized as

[BI{F}={P) M)

Forces are the primal variables (PV) of the equilibrium
state. The equilibrium matrix [B] is rectangular and banded
in the PV. The potential of internal energy of the structure
E,={X}T{P} can also be written using Eq. (1) as
E,={X}T[B]{F). Thus, for semantics, displacements can
be termed as the dual variables of the equilibrium state.

The Compatibility Conditions

The CCs in IFM are generated by eliminating the
displacements from the deformation displacement relation-
ships (DDR) of the structure. The DDRs are derived on an
energy basis. The internal energy (IE) of discrete structures
(n,m) can be expressed in the following forms:

I[E=W{F}T{B) =% {X}T{P} @

The IE can be rewritten in terms of internal forces using
the EE {Eq. (1)] as

IE= W {FIT(B]T{X}=%{F}T{B} (3a)
or

V{FYT([BIT{X}—(8))=0 (3b)

Since the force vector {F} is not a null vector,
{8)=[B1T{X) 4)

In the DDR given by Eq. (4), the n deformations {3} are
expressed in m displacements { X'}; thus, there are (n-m) con-
straints on deformations {8}. The constraints on deforma-
tion are the compatibility condition and the CC can be sym-
bolized as f

[C1{8}=1{0} ®)

The primal variables of the CC are deformations {3}. In the
finite element analysis, elemental deformations have to be
compatible to the neighboring elements only; thus, the CC
are banded. The maximum bandwidth (MBW) of the CC of
an element depends on the force degrees of freedom of its
neighboring elements.

For illustration, we take the examples of a plate and a
truss shown in Fig. 1. The force degrees of freedom (fof) for
the plate element is fof =9 and the truss element is fof=1.
The MBW of compatibility matrix [C] are

Plate: interior element (MBW),,.., =81

boundary element (MBW), .., =54

corner element (MBW),..;=36

Truss: interior element (MBW), .., =16

boundary element (MBW),,..,=6

The (rxn) compatibility matrix [C] of discrete analysis is
independent of material properties, design parameters, and
loads; also, it is rectangular and banded. The compatibility
matrix is generated by eliminating the displacements from
the DDR utilizing the MBW information as reported in Ref. 8.

The generation of CC essentially consists of the following
two steps:

1) Pick any deformation, e.g., §8,. Establish the band-
width for 3, and let these deformations constitute the set S;.
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Eliminate displacements from DDR of set S, to generate the
first CC. Reduce the number of DDR by one, from » to
(n—1) by dropping one DDR participating in the CC
generated.

2) For the (n—1) DDR, follow step 1 to generate the sec-
ond CC, Repeat the step until all of the CC are generated.

The compatibility matrix [Cﬁ satisfies the equilibrium
state®

[BI[C]1"=[0] ©

The condition given by Eq. (6) can be shown by
eliminating deformation {3} between Egs. (5) and (4) as

[C] [B]T{X}Z{X}?([B][C]T)={0} M

Since the displacement {X} is not a null vector,
[B1[C]T=[0].

In summary, it can be said that both the EE matrix [B]
and CC matrix [C] in their respective primal variables are
rectangular, banded, nonsymmetric and independent of the
material properties, design parameters, and external loads.
The self-stress matrix [B;] of the SFM can be related to the
compatibility matrix [C] as [B,]1=[C]7, since both the
matrices satisfy the equilibrium state given by Eq. (6).

The total deformation can be due to mechanical loads
{8,), thermal expansioni, initial misfit of elements {8},
etc.,

{8) =1{B.]+ {8y} ®

The CC can be written in elastic deformation (8,} as
[CT{B)=[CT(B.} +[C1{Bo}=1(0}
[C1{B.1=—[C]{By}={bR]} ®

Even though any element can contribute to the n component
initial deformation vector {8y}, only the r=(n-m)th-order
effective initial deformation (EID) vector {6R]} induces
stresses in the structure. The potential of the internal forces
due to initial deformations can be written in terms of EID
and the redundant forces {R} of the standard force method
as

E.={R})T{R} = —{R}T[C]{B,} 10)

From the energy scalar [Eq. (10)], the dual variables of the
CC are the redundant forces. The EE and CC in their dual
variables give rise to symmetric matrices [K] =
{BIT[G]~'[B] and [Q] =[C][G][C]T, respectively.

Analysis of Indeterminate Structure by IFM

In the IFM, we wrjte the compatibility conditions in the
force variables using the deformation force relation as

(8.} =IGI(F} an
or

[C1{B.} = [CI[G]{F} = {R} 12)

Coupling of the CC [Eq. (12)] to the EE [Eq. (1)] yields
the governing equations of the integrated force method as

[B] p
{ ________ }{FI :{} or [SI{F}={P}* (13)
(€1 G} R

The matrix [S] of the IFM is assembled without recourse
to the redundants or the basis determinate structure of the
SFM. Once the forces are known from Eg. (1), the
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CBW=9x9-=81
EBW= 4x12=48

ZONE -1 M \ ZONE -2
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oo

ZONE-3

CBW=4x9=36
EBW =4x12=48

A PLATE

CBW=6 CBW=1%

ZONE-2 ZONE -1

A PLANE TRUSS

CBW=6x9=54(IFM)
EBW=4x12=48(FEM)
EBW=4x9 =36 (IF M)

FINITE ELEMENT DISPLACEMENT
FEM =L e Thon,
IFM = INTEGRATED FORCE METHOD.

BANDWIDTH OF COMPATIBILITY
cw { CONDITION.

BANDWIDTH OF EQUILIBRIUM
EQUATION.

FEM=12 dot , IFM=9 fof

EBW

Fig. 1 Bandwidth of compatibility condition.

THE REAL SYSTEMS

F1 F2 F3 8, 8, [
Py Chy
Px u

EQUILIBRATING FORCES COMPATIBLE DEFORMATIONS
EXTERNAL LOADS < Px,Py> DISPLACEMENTS <U,v >
INTERNAL FORCES < F1.FpF 3> DEFORMATIONS <[5_,,{52_(63>
Fig. 2a System I. Fig. 2b System II.

THE VIRTUAL SYSTEMS

VIRTUAL DISPLACEMENTS VIRTUAL FORCES

VIRTUAL DISPLACEMENTS<&U, &V > VIRTUAL LOAD <0,0 >

VIRTUAL DEFORMATIONS < &B,,6p;,685> VIRTUAL FORCES <éRy,6R2.6R 7 >
Fig. 2c System IIIL. Fig. 2d System IV.

displacements can be calculated using the following formula
given in Refs. 7 and 8:

{X}=[JI[G]{F]} (14)

The Variational Energy Functional

The force method of analysis (irrespective of IFM or SFM)
requires both the EE and CC together. There exists no varia-
tional functional from which both the EE and CC are ob-
tained simultaneously. The proposed variational formulation
yields both EE and CC together. For simplicity, the varia-
tional functional is derived from the principle of virtual
work, taking the example of a three-bar truss, and then
generalized. The three-bar truss is shown in Fig. 2. The ele-
ment forces (F,, F,, and F;) are in equilibrium with the ex-

ternal loads P, and P, (Fig 2a, system I). The element defor-
mations (8,, B,, and B;) are compatible with the nodal
displacements u,v (Fig. 2b, system II). Figure 2c (system III)
shows the virtual displacements éu and év and corresponding
compatible virtual deformations 88,, 68,, and 63;. Figure 2d
(system IV) depicts the self-equilibrating virtual forces éR;,
8R,, and 0R;.

According to the principle of virtual work, the virtual
work done by real forces (system I) undergoing virtual defor-
mations (system III) is zero,

F\ 6B, + F,83, + F368; — (P du+ P,ov) =0 (15)

From the principle of complementary virtual work, the
virtual work done by real deformations (system II) and vir-
tual forces (system IV) is zero,

B,6R, + 3,6R, + (3;6R; =0 (16)

Equations (15) and (16) can be added to obtain the varia-
tional function of the IFM as

o, = (F\86f, + F,08, + F3683) + (B8R +3,0R, + 3;6R;)
~ (Pu+P,6v)=0
=8A+0B—-56W=0 a7
or
T, =A+B—-W (18)

The functional 4 and W are associated with the equilibrium
of the structure. The variables of the functionals 4 and W
are three deformations (3,,8;,8;) and two displacements
(u,v). The deformations in functional A(F,B) are changed to
displacements using the displacement deformation relation-
ship. The functional A(F,u) has the following explicit form:

F (v—u) Fy(u+v)

A(Fu) ===t FyV+ =2

(19a)
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For two-dimensional elasticity problem, the functional
A(o,u) has the following explicit form:

ou v ( ou dv )]
A(o,u)-hSS [Ux e +a, 3 + Ty 3 + P dxdy

(19b)

The functional A(o,u) represents the strain energy in which
the stresses and displacements are treated independently.

The functional B(B,R) assures the compatibility of the
structural deformations. For two-dimensional elasticity, the
functional B(e,¢) can be written as

B(e,0%) :hgs (€05 +€,05 + 7,75, )dxdy (20)

The functional B(e,0°) is the complementary strain energy
functional in which the strains e and redundant stresses o®
are treated independently. For the IFM, the strains are to be
replaced by stresses using stress-strain law. The functional
B(F,R) for the three-bar truss has the following explicit
form:

B(F,R)—(M)( - Z ; 2 )R @1

The functional B(o,0¢) for two-dimensional elasticity prob-
lem can be written as

. (o,—vo,) . (o, —vo,) .
B(o,a):hgsli 7 24 ot + yE ay

1+» .

77, |dxdy @2)
The potential of the external forces W(P,u) has three
components,

W(P,u)thS (B,u+B,v)dxdy + S£ (Pu+P,u)deg
1
+S (Pi+P,0)dt, (23)
£2

The first integral in Eq. (23) is due to body forces B, and B,
the second is for the portion of the boundary £, on which
the external loads P, and P, are specified, and the remaining
term is for the boundary £, on which displacements # and ¢
are prescribed.

The variational functional = (o,u,0°) of the IFM is ob-
tained by adding the three expressions: w,=A4 + B—W. The
variables of the functional =, for variational purpose are the
displacements u and redundant stresses o¢.

Three illustrative examples show the derivation of the IFM
formulations from the stationary condition of the functional
T

S5

Example 1: Beltrami-Michell Formulation

The IFM of plane elasticity problem is the Beltrami-
Michell formulation (BMF).!2 The BMF has two EEs and
one CC in the field expressed in stresses. The variational
variables of the functional 7BMF are two displacements u and
v and one redundant stress function. The latter is taken as
the Airy’s stress function ® as

., 0% . ¢
=V o=V =
dx dxay

(24)
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The VF of the BMF has the following form:

a a a ]
WEMF:hSS [ox Y pe +7'Xy< 2 )]dxdy

Ix Y ay ay ax
+hg I:(ox—yay)(azcb _ >+ ((ry—Vorx)<62¢ B )
s E ay? E ax?
(1+») 3¢ ] S
-2 5 rxya 3 dxdy—h s (B,u+B,v)dxdy
- S (Pu+Pvyde - S (P.a+P,v)de, (23)
£ £y

The stationary condition of the VF after algebraic simplifica-
tion can be written as

. 9 90
SmBME =h{g [ oy Ty +Bx> u
s dx dy

dr,, do 1 3
*( oty B )5”]“?& [W("y“”"x)

2

+%(UX—VUy 2(1+V) ]6¢ds}

—h& {[(axnx+7xy —P)ou+ (r,n,+o,n, Py)ﬁv]
+ [(u—u)d(o.n, +7,n,) + (V=0)0(1n,+0,n,)]

1 ad a
+—E—'—- —é;(oy—vox)nx+5(ax—voy)ny

3 07,y a7, )] }
(1+v)( ax n, 3 n, ) |6¢¢df (26)

Since u, v, and ® are nonzero quantities, their coefficients in
Eq. (26) have to be zero, which leads to the following field
equations and boundary conditions:

1) The field equilibrium equations are

aox a7 07y, d7, 30
—L 42 4B =0and 2+
ax | oy and = =+

2) The field compatibility condition has the form

+B,=0 27

62 2 2

7 (0~ 1/0)+62(0x— 0,) =2(1+p)— 2 y =0 (28)

The CC given by Eq. (28) can be simplified using the EE
[Eq. 27)] and relationship between body forces and its
potential B, =9dV/dx and B, =0V /dy as

Vo, +0,)+ (1+9)V2V=0 29)

The line integrals of Eq. (26) provide the following bound-
ary conditions:

3) Along the boundary where the forces are prescribed as
shown in Fig. 3, we have the following stress boundary con-
ditions as the coefficients of éu, év, and 6¢ in the line
integrals:

on +7,n,=P, and 7 ,n +o,n,=P, (30)
]
E(Gy_vax)nx_*—_a;(ox‘yoy)ny
ar, a7,
—(1+») (——axyny+—ayynx> =0 (31
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BOUNDARY CURVE-£2

CURVED BOUNDARY

L~ R0,

STRAIGHT BOUNDARY

n: UNIT NORMAL AT { Xo,Yo)
P,Px,Py: THE BOUNDARY FORCES
{t,m): DIRECTION COSINE OF UNIT OUT WARD NORMAL &

Fig. 3 First boundary value problem of elasticity.

The boundary conditions [Eq. (30)] are those of the
classical stress in the plane elasticity problem. The boundary
condition (BC) given by Eq. (31) is identified as to be the
novel boundary compatibility condition.

4) Along the boundary where displacements are pre-
scribed, we have the displacement boundary condition as the
coefficients of 6P, and 6P, in the line integral,

u=u and v="v (32)

The expressions given by Egs. (27-32) derived from the VF
constitute the IFM for the plane stress problem.

Example 2: Plate Bending Problem

As an illustration from continuum mechanics, the Kirch-
hoff’s plate formulation!? is derived from the stationary con-
dition of the VF for the IFM. The variational variables of
the problem are the transverse displacement w and the two
moment functions ¥, and ¥, defined as

9
M§=i+u (33a)
ay
Y,
Me=S24u
=t (33b)
L (¢, 31//2)
M= (Y M
v=—5 e 5 (33¢)

The moment functions ¢, and 4, satisfy the plate
equilibrium equations, provided the distributed transverse
load g is linked to the potential function U as

PU PU
qz—ax—z-f'—a—)‘)z—ZVU (34)
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The plate curvature moment relationships are as follows:
?w (M, —vM,)

= 35
o ax? D’ (353)
P’w (M,—vM,)
T et (35b)
Pw _ (1+n)M,, 359

“o=oxay D

where D' =Eh3/12.
The variational functional of the problem has the follow-
ing explicit form:

3 3 Py
rfzSS(M YoM 2 om W)dxdy

¥ ax? Y gyt > axdy
i) — oM —
s ay D’ ox D’
Y, 6¢2> (1+») ] S
—_ = d_x —
( I 3 D M,, dy s gwdxdy (36)

The stationary condition of wf with respect to the indepen-
dent variables (w, ¥,, and y,) can be written as

M, *M ?*M,
65=S ( =+ 2 +2 x’—)awdxd
m s \ ox? ay? dxoy qa Y

1 oM, o ]
+£SF{[:(1+V)_6.X _E(Mx—yMy) 6‘1/1

+ [(1 + v)—a—g/[yiy——%(My —va)](‘il//Z}dxdy

oM, oM oM oM
- no+—=2n +2—2n, +2 Xyn)é df
S.c ax ¥ oy 7 ax Y ay ° Y
1
+—DTS£ {l:(MX--uMy)n},—(1+V)Mxynxj|(31,[/l
+ [(My—VMX)nX— (1+V)Mxyny]6|//2}d€:0 37

1) The field equilibrium equation is associated with the
variational parameter dw in the surface integral

PM, M, _ M,
+ +2 Y — 38
ax? ay? axdy q (38)

2) The field compatibility conditions are associated with
the variational parameters &y, and 8y, in the surface in-
tegrals as

d M,
_G;(My—VMX)_(1+V)T:O (39)
d M,
a—y(Mx"‘VMy)—(1+V)T=O (40)

The line integrals in Eq. (37) yield the following boundary
conditions for the rectangular plate shown in Fig. 4:
3) The coefficient of dw in the line integral is as

{ [ M, aMx,> oM., ]
+ + n,
Ix ay ay

oM, E)Mxy> aMxy] }
+ =0 41
+[ dy * ax ax | “1)
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The BC given by Eq. (41) for the rectangular plate can be
written as

aM,
Along x=0 and x=a, w=prescribed or Q, + 3 2. =0
. oM,

Along y=0 and y=»b, w=prescribed or Q,+ I =0

42)
oM, oM, M, 8M

::——____4_.___41_ d Xy 4

O ax dy and Q, = ay dx “3)

4) The coefficients of rotations 6(dw/dx) and 8(dw/dy) in
the line integral yield the following BC:

Along x=0 and x=a,

is prescribed or M, =0 (44)

Along y=0 and y=b, is prescribed or M, =0 (45)

5) The coefficients of the stress functions 8y, and &y,
yield the following two boundary conditions:

(M, —vM,)n, — (1 +»)M,n, =0 (46)

(M, —vM,)n,— (1 +v)M,yn, =0 7

The BC given by Eqs. (46) and (47) are identified to be the
novel boundary compatibility conditions that must be
satisfied along the portion of the boundary where the
moments are prescribed. The expressions given by Egs.
(38-47) constitute the IFM for the plate bending problem.

Example 3: A Propped Beam

The VF of discrete structures consisting of beam elements
can be obtained from Eq. (36) of plate with the following
simplifications:

M, =M, M,=M,=0, ¢,=M, {,=0,

D,=EI, dy=1,

62
=], (Ma‘:)dﬂg

The VF of the IFM for discrete structures is illustrated by
examples of the propped beam shown in Fig. 5. The struc-
ture is idealized by two beam elements. Each element has
two force (M;,M,) and four displacement (w,,w,,0,,6,)
degrees of freedom. The master fof is (M,,M,,M;) and the
dof (w,6,8) is as shown in Fig. 5. The variables of the final
equations of the structure are moments. For each element,
the moments are assumed to be linear in the span, using the
linear Hermite interpolation polynomials as

ds=d/f

— L gwd? 48)

M=Hg (x)M, + Hg, (x)M, (49)
where
Hi (x) = — (x—0)/¢ and Hg, (x) =x/t

For a beam, the cubic displacement fields are assumed in
Hermite polynomials as

w(x) =Hg (x)w, +Hg, (x)w, + H{; (x)8, + H{, (x)8, (50)
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THE CONFIGURATION

THE FORCES

Fig. 4 Kirchhoff’s plate bending problem.

~ W,
81
ol 3
= 2
411 832)(10 M 11624 M \
200in | 1y =150 in® CPr AN
L —L——. ! \\‘\
THE PROPPED BEAM dofs (Wq,Wp.8q.85)
ELEMENTAL DISPLACEMENTS
M M Ms=0
2 3
) ( S M2 My vy = MitMa
/ ] 4
} [}
"G DM
TWO ELEMENT IDEALIZATION ! l
fot :(My,My)

M = Meter ELEMENTAL FORCES

Fig. 5 Analysis of propped beam.

where:
1
Hy, (x) -—-12—3(3x3 — 202+ %)
, -1 3 2
Hg, (x) =g—3(2X —3x?)
1
H{ (x)= —(x3 202 + 2x)
H{,(x) =—(;2—(x3 —2ix%)
The first term in the VF can be discretized using the mo-
ment and displacement functions as
Term 1 =A(X,F)={X}T[B]{F}

-1/ 1/¢
e - 1/(’
_<w1’w2’01,02> 1 (51)
0

To discretize the second term, the variation of redundant
moment is assumed to be identical to the variation of
primary moment,

M® =R (Hg M + Hy, M5) (52)
Substitution of M and MF¢ in the second term of the VF and

upon integration, we have the following discretized energy
term:

) 2 1 M,
Term 2= B(M®, M) =R{M{MS) (_‘“>
61/ |1 2\ m,

(53)
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The coefficient matrix in Eq. (53) can be identified as the
flexibility matrix [G] of the beam element. The equation
can then be rewritten as

B(M*,M) =R{(M*)[G] {M} (54)

From the discretized functionals A and B, the VF of the
structure x¥ can be constructed by correlating the elemental
degrees of freedom to the master degrees of freedom as

s

M,—M
= {(’—ezlwr (Mz—Ms)e—ijiw

2M, + M 2My+M,\ 2MSM
+R{M‘;(——‘ 2) +M§( 2 ‘>+ >3 _ Pw
6EI 6EI 6El,

(55)

The stationary condition of the VF with respect to (w,6,R)
can be written as

om axt  axb
TS S+ oS 5 4 8

b =
s = aw 36 3R

oR=0 (56)

Since éw, 66, and 6R are nonzero quantities, §x? =0 yields

on? awxb  am?
aw a0 AR

=0 (57)

Equation (57) has the following explicit form:

_ 1 1 D
— - - | (M, P
¢ ] ; 1
0 1 -1 M, + =40
02MS+ M) B(MS+2MS) M v 0
6EI, 6EI, 3EI, ’
(58)

The values for M%, M%, M4 can be obtained by eliminating the
displacements w and 6 from the deformation displacement
relations of the structure given by

{81=[B]T{X}
8, /¢ 0
w
B, b=| -1/t 1 {0} (59)
8, S VS

The compatibility condition for the propped beam from Eq.
(59) can be obtained by eliminating the displacements w and
0 as

(28, +B,+83)=0 (60)
or
(MS, M5, M) = (2,1,1) 61
The explicit form of the equations of the IFM can be written
as i

1.0 -1.0 -1.0 M, Pt
0.0 1.0 -1.0 M, =40 (62)
125 1.0 0.67 | | M, 0
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Equation (62) represents the formulation by the IFM for the
propped beam.

Other Variational Formulations

Structural analysis methods can be divided into five broad
categories, depending on the choice of primary unknowns.
The formulations and their VF are: 1) the total formulation
(Washizu variational functional), 2) the displacement
method (potential energy functional), 3) the integrated force
method (the VF for the IFM), 4) the standard force method
(the complementary energy functional), and 5) the mixed
method (Reissner’s functional). The formulations along with
their VF are depicted in Table 1.

The five variational functions for discrete systems in
matrix notation are presented in Table 2. The stationary con-
dition of the functionals =, 7., 7, 7, and 7,, yield the EE
in displacements, CC in redundants, EE and CC in forces,
EE in forces with the deformation force relationship, and EE
in forces and the deformation force relationship along with
DDR, respectively. The VF for the IFM for discrete system
can be constructed as indicated for the beam in example 3.

Properties of VF for IFM
The properties of the VF for IFM are shown for discrete
analysis. The following expressions are required to examine
the properties of the VF of IFM.
1) The equilibrium state of the structure can be written in
forces or displacements as
[B]F}={P} or [K]{X]}={[P} (63)

2) The compatibility condition of the structure can be
written in deformations or forces as

[C1{B}={0} or [C][G]{F}={0]} (64)
The compatibility matrix satisfies the equilibrium state

[B][C]"=1{0].
3) The internal energy of the structure can be expressed as

IE=Y{F)T[G](F) =% {X}T[K] (X} = {X]T{P} (65)
From Eqgs. (1), (4), (11), and (63-65) and the basic relation-
ship of the displacement method, the following identities can
be shown:

IE=V{X}T[B](F)} (66)
{B)=I[Gl{F}=[B]T{X} (67)
[K1=[B1{G]I-'IBIT; [G1=I[BIT[K]"'[B] (68)

Property 1

From Eqs. (63-68), it can be shown that the value of the
VF for the IFM at the stationary point (SP) is zero,

T lep = {X)T[BI{F} + (R}T[C][G]{F} - (X}T(P)
={X}T{P} + [RIT[CI[B]T (X} - (X}7(P)
={X)T[B][C]T{R} =0 (69)

Property 2

The potential energy functional =, can be generated from
the VF for the IFM if forces in = are eliminated in favor of
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Table 1 Methods of structural analysis and associated energy formulation

Name of method

Variables of the methods

Associated energy

No. Elasticity Structures Elasticity Structures formulation
1 Navier Displacement Displacement Deflection Potential energy
method method functions U; vector {U} (min condition)
2 Airy Force method Aliry’s stress Redundant Complementary energy
formulation function forces {R} (max condition)
3 Beltrami- Integrated Stress oy Forces {F} VF of IFM
Michell force method (stationary
formulation condition)
4 Mixed method Reissner o, U {F} and {U} Reissner energy
method (stationary
condition)
5 Total Washizu method o, Ui, and {F}, {U}, and Washizu energy
formulation strain ¢ deformation (min condition)
vector {3}
Table 2 Variational functional for discrete systems
No. Method Variational functional Remarks
1 Displacement 7, = {X}T K] {X} - {X}7{P)
2 Standard force PO T F*°
Te= —Vog-—— [Gly-———+ (X} 7 (P} (F°}={B,] ‘(P
R R
3 Integrated force 7, ={X}T[B]IF}+{R)T[CI[GI{(F}—(x}T(P}
4 Reissner mr = (X7 [BI(F} - % {FIT[GI{F) - (X)T{P) [BIT{X}=1{B}
S Washizu

7, =2 (B)T 1G] B+ (XY T BIHF) - 1B (FI - (X} T(P)

displacements as
wy=§6m | pox =6 ({X}T[BI{F)) + 6 ({R}T[CI [G]{F})
~f({X}T(P))

=(XJTIKHXD) +§6({R}TICT BT {X})

- (tx)7{P})
=XV KX} - (X} (P} =m, (70)
or
T dpx =17,
Property 3

The complementary energy functional =, of the SFM can
be generated as a special case of #, by introducing the con-
cept of redundant forces explicitly as
{(F}={F°}+[CIT{R}; (F°}=1[B,] '"{P}; [B]=[ByB,]

an

T lrpx=10{XJT[BI{F} +[6{R}T[C] [G] (F}
—JotxyT{Py
=j0{X}T[[BI{F} - {P}]
+B{RITICI[GI({F"} + [C1T{R})
=V ({R}T[CI[G][CIT{R}

+2{R}T[CI[GI{F°} + Gy (72)

The constant C, is independent of redundants {R}. If the
constant C, is defined as

Co={F°}T[GI{F°)-w (73)
Then Eq. (72) can be written as:
ol popox=Y{F)T[G{F)—w=m, (74)

The expression given by Eq. (74) is the complementary
energy functional of the SFM.

Conclusions

The conclusions of this study are as follows:
1) The variational functional of the integrated force
method has been developed.

2) The variational functional of 1FM is the only func-
tional whose stationary condition simultaneously yields both
the equilibrium and compatibility conditions of the
structure.

3) The VF of the IFM yields the boundary compatibility
conditions. )

4) For discrete analysis, the VF of the IFM allows analysts
the freedom to choose both force and displacement inter-
polation functions.

5) From the VF for the IFM the two key functionals
(namely, the potential energy functional =, and the com-
plementary energy functional «,) can be derived.

6) The value of the VF of the IFM is zero at the stationary
point.
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The field of rarefied gas dynamics encompasses a diverse variety of research that is unified through the fact that all
such research relates to molecular-kinetic processes which occur in gases. Activities within this field include studies of (a)
molecule-surface interactions, (b) molecule-molecule interactions (including relaxation processes, phase-change kinetics,
etc.), (¢) kinetic-theory modeling, (d) Monte-Carlo simulations of molecular flows, (e) the moleculdr kinetics of species,
isotope, and particle separating gas flows, (f) energy-relaxation, phase-change, and ionization processes in gases, (g)
molecular beam techniques, and (h) low-density aerodynamics, to name the major ones. ‘

This field, having always been strongly international in its makeup, had its beginnings in the early development of the
kinetic theory of gases, the production of high vacuums, the generation of molecular beams, and studies of gas-surface
interactions. A principal factor eventually solidifying the field was the need, beginning approximately twenty years ago, to
develop a basis for predicting the aerodynamics of space vehicles passing through the upper reaches of planetary at-
mospheres. That factor has continued to be important, although to a decreasing extent; its importance may well increase
again, now that the USA Space Shuttle vehicle is approaching operating status.

A second significant force behind work in this field is the strong commitment on the part of several nations to develop
better means for enriching uranium for use as a fuel in power reactors. A third factor, and one which surely will be of long
term importance, is that fundamental developments within this field have resulted in several significant spinoffs. A major
example in this respect is the development of the nozzle-type molecular beam, where such beams represent a powerful
means for probing the fundamentals of physical and chemical interactions between molecules.

Within these volumes is offered an important sampling of rarefied gas dynamics research currently under way.The
papers included have been selected on the basis of peer and editor review, and considerable effort has been expended to
assure clarity and correctness.
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